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A port-Hamiltonian Aperitif

Storage (S)
Mass / Inertia

How to interconnect components by law of energy conservation?

Use Dirac Structures!

External Port (P
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Friction
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Today's Journey

What? Foundations of pHS

What de nes a port-Hamiltonian System (pHS) mathematically and
physically?

Why? Connecting pHS and SPP

Why and when do port-Hamiltonian Systems translate into Saddle Point
Problems (SPP)?

How? Preconditioning Strategies

How can we exploit the pHS structure to construct e cient SPP
preconditioners?
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port-Hamiltonian Systems (pHS)

Introduction to pHS |

I Well-established framework in

€s eRr
control engineering and ( prec© )
— —

mechatronics fs A fr

fu €u

| Deeply rooted in di erential
geometry (Dirac structures) and Y

functional analysis (Bxtemal por @) )

| Relatively new research area in
numerical linear algebra and
scienti c computing
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port-Hamiltonian Systems (pHS)
Introduction to pHS Il
Dirac Structure

D F F with dimD =dimF <1 Linear port-Hamiltonian System:
is called Dirac structure, i for duality Linear di erential equation system
product h; i it holds that

he:fi=0 for all (e;f)2D: M x(®) = R)x(®) +Bu(t)

with
Duality Product for F = R , _ _
I coupling matrix J skew symmetric,
For F =R, we get
PT | resistive matrix R, s.t. R+R> 0,
he;fi=e”f:
For a pHS with e = (e es;ep)” and | material matrix M =M > 0 and

— o o >
P s el b gt | external port Bu(t).

he;fi=erfr +esfs +epfp :'0
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port-Hamiltonian Systems (pHS)

Why should we use pHS?

I Physical Energy Conservation
Energy changes only through internal dissipation or exchange via ports

| Structure-Preserving Interconnection
Modular coupling of multi-physical domains results in new pHS

I Natural Stability
Physical energy bounds naturally prevent unbounded system growth
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Today's Journey

What? Foundations of pHS

What de nes a port-Hamiltonian System (pHS) mathematically and
physically?

Why? Connecting pHS and SPP

Why and when do port-Hamiltonian Systems translate into Saddle Point
Problems (SPP)?

How? Preconditioning Strategies

How can we exploit the pHS structure to construct e cient SPP
preconditioners?
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A port-Hamiltonian Example

The 1D Transmission Line Model |

Continuous Formulation:

Properties:

Telegrapher's Equations

@iy, QU Y_
@t @z
@i(z;1) . o@u(z;t)_ .
@2 +GUz;)+C = =0;
with suitable boundary and initial conditions.

RY(z;t) + L

| Describes voltage u(z;t) and current i(z;t) in space z 2 [a;b] and time t 2 [0; T]

I Can be formulated as an in nite-dimensional port-Hamiltonian System
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A port-Hamiltonian Example

The 1D Transmission Line Model |

Continuous Formulation:

Properties:

Telegrapher's Equations

@iy, QU Y_
@t @z
@i(z;1) . o@u(z;t)_ .
@2 +GUz;)+C = =0;
with suitable boundary and initial conditions.

RY(z;t) + L

| Describes voltage u(z;t) and current i(z;t) in space z 2 [a;b] and time t 2 [0; T]

I Can be formulated as an in nite-dimensional port-Hamiltonian System

Need a discretization that keeps pHS structure as well as energy propdrties!
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A port-Hamiltonian Example

The 1D Transmission Line Model Il

Space Discretization:

a b

ll | u=(ug::;un) 1|—(|012;””|N+12) BV:(ON;liO;ON;UN+l)>
Up Uz U U @ C° 0, 0 G 0 %3 u
90— @t] 0 D> 0 RO . *Bv
l0+1=2 T141=2 1241=2 —{ —}l—{ —}

|
| —{z—1} [{z-}
R X
Time Discretization:

For xx =x(t k), tk =k and =diag(l n; | n+1), implicit midpoint rule yields

_ In(C%+ 3G 5D -
AX k+1 — §D> | N+1 (LO+ ER% Xk+l - b(X k)
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A port-Hamiltonian Example

The 1D Transmission Line Model Il

Space Discretization:

a b
ll | U:(Ul;:::;UN)>;|—(|012;:::;|N+12) BV:(ON;liO;ON;UN+l)>
U U W ug@coo 0 GOOEU
#4994 @ 0 D 0 RO i ‘Bv
|0+l 2 |1+1 2 |2+1 =2 —{ —} |—{ —} | —z—}  [{z-}
R X

Time Discretization:

For xx =x(t k), tk =k and =diag(l n; | n+1), implicit midpoint rule yields

_ In(C%+ 3G 5D -
AX k+1 — §D> | N+1 (LO+ ER% Xk+l - b(x k)

We get a Saddle Point Problem! { Coincidence? {

Rere H. P. No ke, Exploiting pHS when Preconditioning SPPs 6/17



From pHS to SPP
I A space discrete port-Hamiltonian System always gives
M x(t) = (3 R)x(t) + Bu(t), with

M1 My
M2 Mo

Juu Jo
Jor Jo

Ri1 Ry

M =
Ro1 Ro

=M> 0; J=
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From pHS to SPP

I A space discrete port-Hamiltonian System always gives
M x(t) = (3 R)x(t) + Bu(t), with

M = Mi11 My =M> 0 J= Juu J -3 > R= Ri1 R

M7, My J i1, Jo ' Ro1 Ro2

I Need for symplectic and locally and globally energy consistent time discretization
I' Implicit Midpoint Rule
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From pHS to SPP
I A space discrete port-Hamiltonian System always gives
M x(t) = (3 R)x(t) + Bu(t), with

M1 My
M7, Mz

Juu J
J L I

Ri1 R

M =
Ro1 Ro2

=M~ 0; J= =J 7; R=

Proposition:
Applying implicit midpoint rule to a real valued linear pHS always yields

My 3Jdut 5Rin Mz 3Ji2+ ;R

A=M -J R)=
2( ) M+ 5J5+ 3R M2z 5J2+ 3Rz

This ts the de nition of a generalized Saddle Point Problem w.l.0.g.
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Today's Journey

What? Foundations of pHS

What de nes a port-Hamiltonian System (pHS) mathematically and
physically?

Why? Connecting pHS and SPP

Why and when do port-Hamiltonian Systems translate into Saddle Point
Problems (SPP)?

How? Preconditioning Strategies

How can we exploit the pHS structure to construct e cient SPP
preconditioners?
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Preconditioning port-Hamiltonian Systems

Starting Point

What we have:
I 2 2 block-structure in the system matrix

| Generalized Saddle Point Problem
I Under reasonable assumptions, even classic SPP
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Preconditioning port-Hamiltonian Systems

Starting Point

What we have:
I 2 2 block-structure in the system matrix

| Generalized Saddle Point Problem
I Under reasonable assumptions, even classic SPP

What we want:
I Apply well known preconditioners for Saddle Point Problems on pHS

| Develop new preconditioners exploiting the pHS properties
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A novel pH-Constraint Preconditioner

Classic Constraint Preconditioner:

Solve N
Proposition:
AV=b | A B x _ f Writing the Schur Complement as
B C vy g
S=C+B,A'B;=:S;+Sy;
in two steps:

we see that for an underlying pHS
1. y=(C+B A1 Byt (BoALf @)

_ sym skew
Sl—M22+fR2)£ + - R3S J 2

2. x=A1({f B 1y) 2 ) Pz
SJS.WT‘ S;kew
Implicit Midpoint Formulation: _ Kew=
For a linear pHS we always get with R2;™™™ = 3(R22 R 3).

M 11 E‘]ll + §R11 M 12 §J12 + leZ Unique HSS Spllttlng

A= U
M7+ 535+ R Mz 5+ R No explicit J;M; R needed!
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A novel pH-Constraint Preconditioner
We have to solve:

1.y=(C+B A B! B2Af Q)

Algorithm:
2. x=A1({f B 1y) 1. Inner Solve | (AMG):
= AMG(A).matvec(f)
Outer Solver: 2. Schur RHS:
Take e.g. AMG solver to approximate A rs =Baf"g
3. Inner Solve Il (Widlund):
Inner Solver: y = Widlund(S 1;rs)
| Approximate just S instead of S 4. Outer Solve (AMG):

] ) q X = AMG(A).matvec(f B 1Y)
| Widlund method to approximate S;

| Use e.g. AMG to approximate (™) !
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Preconditioning port-Hamiltonian Systems

Considered Candidates

Baselines & General-Purpose: SPP related:
| No Preconditioner { Pure GMRES | SIMPLE Block-Triangular
I Incomplete LU Decomposition I Constraint (AMG/ILU inner solver)
pHS related: pHS & SPP related:
I Widlund | Novel constraint preconditioning
| Rapoport approach
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Preconditioning port-Hamiltonian Systems

Test Problems

Stabilized Stokes Problem
(cf. Gudsas et al., 2022)

| Discretization of unsteady
incompressible Stokes equations
yields A=H +S

| The Hermitian part H =H> 0
and skew-Hermitian part S = S~

A=

with C stabilization term
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